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The problem and the answer



V bN “ V b . . . b V ,

x¨ , ¨ yV an
V “ C

`,π

“

The space V bN has dimension `
N and a natural orthonormal basis

e↵1
b . . . b e↵N

P t u

The symmetric group acts on the tensor product space by permuting coordinates.
p qs. For � P SN p q

sp�qpv1 b v2 . . . b vN q “ v�p1q b v�p2q b . . . b v�pNq

asis te1, . . . , e`u
e te1, . . . , e`u

s pE↵�q�� “ �↵����.

Pij “
ÿ̀

↵,�“1

1 b . . . b E↵� b 1 b . . . b 1 b E�↵ b . . . b 1

Matrix realization of transpositions

Iterated tensor product — spin chain

gpv1 b v2 . . . b vN q “ gv1 b gv2 . . . b gvN

. The action of GL` on V bN

E↵� “
N
ÿ

n“1

E↵�,n



Rpuq “
u

u ´ ⌘

ÿ̀

↵,�“1

E↵↵ b E�� ´
⌘

u ´ ⌘

ÿ̀

↵,�“1

E↵� b E�↵

R-matrix

Linear operator on V b V

u is a complex (spectral) parameter

Properties

R12pu, vqR13pu,wqR23pv, wq “ R23pv, wqR13pu,wqR12pu, vq

as a linear operator on
Yang-Baxter equation

act on V bV bV , w
“ b1

q “ p q

R12puqR21p´uq “ 1

Rpuqpg b gq “ pg b gqRpuq
s mentioned above
q for any g P GL`.

Normalization

GL`-invariance

1.

2.

3.



Quantum L-operator and monodromy

t Lpuq “ ||L↵�puq||`↵,�“1

the spectral parameter

rix with non-commu
define L1puq “ Lpuq b1

b p q
d L2pvq “ 1bLpvq

R12pu ´ vqL1puqL2pvq “ L2pvqL1puqR12pu ´ vq

ap L : V b H Ñ V b H.

H “ V1 b . . . b VN

duce the
y: V ” Va,

auxiliary space quantum space

or Lan : Va b Vn Ñ Va b Vn local L− operator

Rabpu ´ vqLanpuqLbnpvq “ LbnpvqLanpuqRabpu ´ vq ,

Mapuq “ WaLa1pu ´ u1q . . . LaN pu ´ uN q

Monodromy

re complex parameters u1, . . . , uN are called inhomogeneities.



Transfer matrix of inhomogeneous       spin chain

Mapuq “ WaLa1pu ´ u1q . . . LaN pu ´ uN q

Rabpu ´ vqMapuqMbpvq “ MbpvqMapuqRabpu ´ vq

gl`

Commutation relations between entries of monodromy are encoded in

p ´ q

10). The transfer matrix Tpuq

Tpuq “ TraMapuq “ Tra
“

WaLa1pu ´ u1q . . . LaN pu ´ uN q
‰

“ “

Transfer matrices evaluated at different values of the spectral parameter commute

TpuqTpvq “ TpvqTpuq

and therefore have a common spectrum



Representations of the L-operator algebra

Let Vn be an irreducible gl`-module with the highest weight pm
pnq
1

, . . . ,m
pnq
` q

Lanpuq “ u1a b 1n ´
ÿ̀

↵,�“1

E↵� b S
r`s

�↵,n

ÿ

“

re S
r`s

↵�,n is a gl`-generator in the representation pm
pnq
1

, . . . ,m
pnq
` q

chain, while E is the standard basis of gl which elements act

rSr`s

↵�,n, S
r`s

��,ms “ η~ δmn

`

δ��S
r`s

↵�,n ´ δ↵�S
r`s

��,n

˘



Spectral problem

Find the common spectrum of commuting transfer matrices

for inhomogeneous gl` spin chain



Relation to physical models

Lieb− Liniger model

H “
1

2m

N
ÿ

i“1

p2i `
~
2

m
c

N
ÿ

i†j

δpqi ´ qjq

“ {
or c ° 0 the interaction is repulsive

or c † 0 it is attractive.

´
1

2m

N
ÿ

i“1

B2

Bq2i
ψpq1, . . . , qN q `

ÿ

i‰j

vpqi ´ qjqψpq1, . . . , qN q “ Eψpq1, . . . , qN q

potential

ψpq1, . . . , qN q “
ÿ

σPSN

ÿ

τPSN

Apσ|τqeiqσp1qpτp1q`...`iq
σpNqpτpNqΘ

`

q
σp1q † . . . † q

σpNq

˘

The Bethe wave function

Θ
`

q
σp1q † . . . † q

σpNq

˘

”
N´1
π

i“1

Θ
`

q
σpi`1q ´ q

σpiq

˘

q
σp1q † q

σp2q † . . . † q
σpNqal, the configuration space RN can be divided into N ! disconnected domains,

Due to sufficiently large number of conservation laws scattering is diffractive



Relation to physical models

Apσ|σjτq “ rpp
τpjq, pτpj`1qqApσ|τq

Apσjσ|σjτq “ tpp
τpjq, pτpj`1qqApσ|τq

After scatteringBefore scattering

p2 p1

p1p2

q1

q1q2

q2

Reflection

Transmission

p1 p2

q1
q2

!

Ap12|12qeipp1q1`p2q2q `
!

` Ap12|21qeipp2q1`p1q2q

)

` Ap21|21qeipp1q1`p2q2q
)



Relation to physical models

Apσ|σjτq “ rpp
τpjq, pτpj`1qqApσ|τq

Apσjσ|σjτq “ tpp
τpjq, pτpj`1qqApσ|τq

Φpτq ” tApσ|τq, σ P SNu

e Yj ” Yjj`1. I

” `

Sijpp1, p2q “ LpσijqYijpp1, p2q

r “ ´
⌘

p1 ´ p2 ` ⌘
, t “

p1 ´ p2

p1 ´ p2 ` ⌘

Φpσjσj`1σjq “ Φpσj`1σjσj`1q ,

Φpσjτq “ Yjpp
τpjq, pτpj`1qqΦpτq

Yang 0s operator

S −matrix

Yang − Baxter equation

Yjpp1, p2q “ rpp1, p2q1 ` tpp1, p2qLpσjq

For Lieb − Liniger model



Relation to physical models

• The two-body S-matrix of the Lieb-Liniger model coincides with the (inverse) R-matrix.

• Particle momenta play the role of inhomogeneities

• Periodicity condition for the Bethe wave function implies that Φpeq is a common eigenstate
of N matrix operators Tj

Tj Φpeq “ ΛjΦpeq ,

where
Tj “ Sj`1 jSj`2 j . . . SNj ¨ S1j . . . Sj´1 j “ Tppjq ,

• Once a common eigenvalue, which is a function of momenta, is found, one is left to solve a
system of scalar Bethe equations

Λj “ eiLpj

to determine momenta pj .

Transfer matrix !



Relation to physical models

gl` magnetic chain

H “
N
ÿ

n“1

Pnn`1

Tpuq “ TraLa1puq . . . LaN puq ,

Hamiltonian

Transfer matrix

Tpuq “ `uN `
N´1
ÿ

j“0

Iju
j

H “ ´η~
dTpuq

du
T puq´1

ˇ

ˇ

ˇ

ˇ

ˇ

u“0

“ ´η~I1I
´1

0
ˇ

ˇ

ˇ

e, diagonalization of Tpuq leads to diagonalization of H.

H “ ´J

N
ÿ

n“1

Sα

n
Sα

n`1
gl

2
chain is the XXX Heisenberg model

e nth site w
as Sα

n
“

1

2
σ
α.



Spectral problem

Find the common spectrum of commuting transfer matrices
for inhomogeneous gl` spin chain

Coordinate

Bethe Ansatz

Algebraic

Bethe Ansatz

Analytic

Bethe Ansatz



p

Inhomogeneous gl` spin chain with local spin in pm
pnq
1

, . . . ,m
pnq
`

q at nth site

How solution looks like

Λpuq “
ÿ̀

k“1

Zkpuq Zkpuq “ pkpuq
Q

r´´s
k´1

puq

Qk´1puq

Q
r``s
k puq

Qkpuq

Vacuum polynomials pkpuq “
N

π

j“1

`

u ´ uj ´ ⌘m
pjq
k

˘

, k “ 1, . . . , ` .

Baxter’s Q-polynomials Qkpuq “
Mk
π

j“1

`

u ´ u
pkq
j

˘

, k “ 1, . . . , ` ´ 1.

q “ Q
r˘...˘s
k puq “ Qk

`

u ˘ ⌘
2
s
˘

pk
`

u
pkq
j

˘

pk`1

`

u
pkq
j

˘

“ ´
Qk´1

`

u
pkq
j

˘

Q
r´´s
k´1

`

u
pkq
j

˘

Q
r´´s
k

`

u
pkq
j

˘

Q
r``s
k

`

u
pkq
j

˘

Q
r``s
k`1

`

u
pkq
j

˘

Qk`1

`

u
pkq
j

˘e Bethe equations u
where k “ 1, . . . , ` ´ 1

ation

˘ ` ˘

es j “ 1, . . . ,Mk.

q
,

uq ,

Eigenvalues of Mpuq

Tpuq|Φy “ Λpuq|Φy,



Nested Bethe Equations

M1
π

l‰k

u
p1q
k ´ u

p1q
l ´ ⌘

u
p1q
k ´ u

p1q
l ` ⌘

M2
π

r“1

u
p1q
k ´ u

p2q
r ` ⌘

u
p1q
k ´ u

p2q
r

“
N

π

n“1

u
p1q
k ´ un ´ ⌘m

pnq
1

u
p1q
k ´ un ´ ⌘m

pnq
2

,

M↵´1
π

j“1

u
p↵q
k ´ u

p↵´1q
j

u
p↵q
k ´ u

p↵´1q
j ´ ⌘

M↵
π

l‰k

u
p↵q
k ´ u

p↵q
l ´ ⌘

u
p↵q
k ´ u

p↵q
l ` ⌘

M↵`1
π

r“1

u
p↵q
k ´ u

p↵`1q
r ` ⌘

u
p↵q
k ´ u

p↵`1q
r

“
N

π

n“1

u
p↵q
k ´ un ´ ⌘m

pnq
↵

u
p↵q
k ´ un ´ ⌘m

pnq
↵`1

,

M`´2
π

j“1

u
p`´1q
k ´ u

p`´2q
j

u
p`´1q
k ´ u

p`´2q
j ´ ⌘

M`´1
π

l‰k

u
p`´1q
k ´ u

p`´1q
l ´ ⌘

u
p`´1q
k ´ u

p`´1q
l ` ⌘

“
N

π

n“1

u
p`q
k ´ un ´ ⌘m

pnq
`´1

u
p`q
k ´ un ´ ⌘m

pnq
`

,

set ↵ “ 2, . . . , ` ´ 2.

M1 “
N
ÿ

n“1

m
pnq
1

´ M1 ,

M2 “
N
ÿ

n“1

m
pnq
2

` M1 ´ M2 ,

. . .

M`´1 “
N
ÿ

n“1

m
pnq
`´1

` M `´2 ´ M `´1 ,

M` “
N
ÿ

n“1

m
pnq
`

` M `´1 .

An eigenstate of the transfer matrix Tpuq with eigenvalue Λ(u)
is the highest weight state of gl`with the highest weight

p q
t rM1, . . . ,M`s,

Problem : solutions are difficult to classify, unphysical solutions, singular solutions, completeness



Analytic Bethe Ansatz
r s r s “

I. Functional relations and CBR formula



Yangian
p q

L↵�puq “ �↵� `
8
ÿ

n“1

L
pnq
↵�

un

R12pu ´ vqL1puqL2pvq “ L2pvqL1puqR12pu ´ vq .

rL
pr`1q
↵� , L

psq
�� s ´ rL

prq
↵� , L

ps`1q
�� s “ L

prq
��L

psq
↵� ´ L

psq
��L

prq
↵�as Ypgl`q. S

L “
ÿ̀

↵,�“1

E↵�L↵� , L↵� “ �↵� ´
S

r`s

�↵,n

u

at L
p1q
↵� “ ´S

r`s

�↵,n
10

d L
pnq
↵� “ 0 for n ° 1.

Evaluation modules



Fusion Rpuq “ u ´ ⌘P .

Rijpui ´ ujqMipuiqMjpujq “ MjpujqMipuiqRijpui ´ ujq ,

ui different spectral parameters

p ´ q{

Rpu1, . . . , ukq ” pR12qpR13R23q . . . pR1k´1 . . . Rk´2 k´1qpR1k . . . Rk´1kq

k(k − 1)/2 R−matrices

Rpu1, . . . , ukqM1pu1q . . .Mkpukq “ Mkpukq . . .M1pu1qRpu1, . . . , ukq

Choose g uk ´ uk`1 “ ⌘,“

Rpu1, . . . , ukq “ ⌘
kpk´1q

2

˜

k
π

s“1

s!

¸

P´
1...k

then

Here P´
1...k is an anti-symmetrizer in pC`qbk

P´
1...k

pe↵1
b . . . b e↵k

q “
1

k!

ÿ

⌧PSk

sgn⌧ e↵
τp1q

b . . . b e↵
τpkq

, k



Fusion Rpuq “ u ´ ⌘P .

P´
1...k “

1

k!

ñ
π

1§i†j§k

ˆ

1 ´
Pij

j ´ i

˙

,

P´
1...kM1puq . . .Mkpu ´ pk ´ 1qηq “ Mkpu ´ pk ´ 1qηq . . .M1puqP´

1...k

P´
1...kMkpu ` pk ´ 1qηq . . .M1puq “ M1puq . . .Mkpu ` pk ´ 1qηqP´

1...k

. P⌧P
´
1...kP⌧ “ P´

1...k

...k for any τ P Sk, w

Fusion relations

Multiplying from the left by projector P´
1...k

M1puq . . .Mkpu ` pk ´ 1qηqP´
1...k “ P´

1...kM1puq . . .Mkpu ` pk ´ 1qηqP´
1...k .

| {z }| {z }

Eigenstate of P−

1...k

p ´ q

Mλpuq ” M1puq . . .Mkpu ` pk ´ 1qηqP´
1...k , λ “ r1ks

P´
1...k commutes with the action of gl` in pC`qbk and projects this action on an irreducible represen-

tation corresponding to the Young diagram r1ks, which is the totally anti-symmetric representation
of dimension `!

k!p`´kq!



Quantum minors and quantum determinant

ÿ

⌧PSk

sgn⌧ M↵⌧p1q�1
pu ` pk ´ 1q⌘q . . .M↵⌧pkq�k

puq “
ÿ

⌧PSk

sgn⌧ M↵1�⌧p1q
puq . . .M↵k�⌧pkq

pu ` pk ´ 1q⌘q .

∆
↵1...↵k

�1...�k
puq “

ÿ

⌧PSk

sgn⌧ M↵1�⌧p1q
puq . . .M↵k�⌧pkq

pu ` pk ´ 1q⌘q

“
ÿ

⌧PSk

sgn⌧ M↵⌧p1q�1
pu ` pk ´ 1q⌘q . . .M↵⌧pkq�k

puq

Quantum minor

Quantum determinant

detqMpuq “
ÿ

⌧PS`

sgn⌧ M↵1�⌧p1q
puq . . .M↵`�⌧p`q

pu ` p` ´ 1q⌘q

M1puq . . .M`pu ` p` ´ 1q⌘qP´
1...` “ detqMpuqP´

1...` .

rM↵�puq, detqMpvqs “ 0 , @↵,� “ 1, . . . , ` .

Coefficients of qdetMpuq in the expansion of u are central elements of Ypgl`q.

Quantum determinant generates center ofof Ypgl`q.



Bethe suablagebra of Yangian

Rs1...Ñm;1...kpu, vq
“
P

´
s1...ÑmMrÑmspuq

‰“
P

´
1...kMrkspvq

‰
“

“
P

´
1...kMrkspvq

‰“
P

´
s1...ÑmMrÑmspuq

‰
Rs1...Ñm;1...kpu, vq .

Rs1...Ñm;1...kpu, vq “ 1 `
mÿ

r“1

p´1qrr!ηr

pu ´ v ´ pk ´ 1qηq . . . pu ´ v ´ pk ´ rqηq

ˆ
ÿ

1§n1†...†nr§m

ÿ

1§s1†...†sr§k

Psn1s1
. . . Psnrsr

.

Tkpuq “ Tr1...k
“
P´
1...kM1puq . . .Mkpu ` pk ´ 1q⌘q

‰
.

‰

“ TrλMλpuq

λ “ r1ks.

TkpuqTmpvq “ TmpvqTkpuq , @k,m § ` .

Transfer matrices associated to auxiliary spaces [1k] of gl`

Tkpu,Cq “ Tr1...k
“

P´
1...kC1 . . . CkM1puq . . .Mkpu ` pk ´ 1q⌘q

‰

C is a constant matrix with simple spectrum

p q

Coefficients of T1pu,Cq, . . . ,T`pu,Cq in the large u expansion are algebraically independent and
generate maximal commutative subalgebra of Ypgl`q

Bethe subablebra

twist



Transfer matrix for an arbitrary       modulegl`

Tλpuq “ Tr1...krPtλM1pu ` ηc1qM2pu ` ηc2q . . .Mkpu ` ηckqs ,

p q “ r p ` q p ` q p ` qs

ore Pλ is a projector corresponding to any standard tableau tλ of shape λ

pt q
rs cptλq “ pc1, c2, . . . , ckq
ts

is a content vector of tλ

hi

j

Content of h

c(h) = j − i

ons λ$ k.

Transfer matrices in anti-symmetric representationson Tkpuq ” Tr1kspuq.

Tkpuq “ Tr1...krP´
1...kM1puqM2pu ´ ηq . . .Mkpu ´ pk ´ 1qηqs

is c “ p0,´1,´2, . . . , 1 ´ kq.There is a unique standard tableau with k boxes and content vector



Transfer matrices as generalization of characters

Mpuq

p q

g P GL`

monodromy group element

Mλpuq

monodromy in representation λ

ρλ(g)

Tλpuq “

P

χ
λ

pgq “ Tr ρλpgq

transfer matrix group character

Jacobi-Trudi formulaeFunctional relations among

commuting transfer matrices



Jacobi-Trudy formulae

An irrep of GL` indexed by partition λ “ rλ1, λ2, . . . , λ`s has the character

χ
λ

pgq “ s
λ
pz1, . . . , z`q ,

p q “

e Schur polynomial

s
λ
pz1, . . . , z`q “

detpzλi``´i
j q1§i,j§`

detpz`´i
j q1§i,j§`

.

p q § §

s, for GL3 and symmetric representations

s pz1, z2, z3q “ z1 ` z2 ` z3 ,

s pz1, z2, z3q “ z
2

1
` z

2

2
` z

2

3
` z1z2 ` z1z3 ` z2z3 ,

s pz1, z2, z3q “ z
3

1
` z

3

2
` z

3

3
` z1z

2

2
` z

2

1
z2 ` z

2

1
z3 ` z

2

2
z3 ` z1z

2

3
` z2z

2

3
` z1z2z3 ,

and for anti-symmetric representations

s pz1, z2, z3q “ z1z2 ` z1z3 ` z2z3 ,

s pz1, z2, z3q “ z1z2z3 .

s pz1, z2, z3q “ z21z2 ` z21z3 ` z22z1 ` z22z3 ` z23z1 ` z23z2 ` 2z1z2z3

Another example

1

y Jacobi’s bialternant formula



Jacobi-Trudy formulae

Combinatorial definition of Schur polynomials

s
λ
pz1, . . . , z`q “

ÿ

t Ptsstλu

z
n1ptq
1 . . . z

n`ptq
`

,

where the sum runs over a set tsstλu of all semi-standard Young tableaux of shape λ.

e niptq
ableaux

where the sum runs over a set tsstλu of all sem
is the number of times the symbol i occurs in t.

Example

s pz1, z2, z3q “ z21z2 ` z21z3 ` z22z1 ` z22z3 ` z23z1 ` z23z2 ` 2z1z2z3 .
8-dimensional representation of GL3 with character (8.5) is

1 1

2

1 1

3

1 2

2

2 2

3

1 3

3

2 3

3

1 2

3

1 3

2

ormula (8.6) may be equivalently written as

s
λ
pz1, . . . , z`q “

ÿ

t Ptsstλu

π

pi, jqP t

z#pi,jq

d #pi, jq is a number that occurs in this tableau in the box with coordinates pi, jq.

Tableau sum formula



Jacobi-Trudy formulae

s
λ
pz1, . . . , z`q “

ÿ

t Ptasstλu

π

pi, jqP t

z#pi,jq

Tableau sum formula

2 1

1

2 2

1

3 1

1

3 1

2

3 2

1

3 2

2

3 3

1

3 3

2

all anti-semi-standard Young tableaux of shape λ

ÿ

, ts
λ
: λ $ k, lp�q § `u

eterminates.

$
λ

u is a linear basis in the space of symmetric

t
λ

$
polynomials of degree k in ` indeterminates.

detpg ´ zq “
ÿ̀

k“0

p´zq`´k
ek , z P C .

Here ek are elementary symmetric functions of the variables zi
ÿ

ek “
ÿ

1§i1†...†ik§`

zi1 ¨ ¨ ¨ zik d e0 “ 1.
e charact

ek

“ “
are characters of elementary anti-symmetric representations r1ks of GL`

“

als ek “ sr1ks,

Fundamental bases



Jacobi-Trudy formulae

p ´ q

detpg ´ zq´1 “
8
ÿ

k“0

p´1q`z´`´k
hk , h0 “ 1 ,

hk “
ÿ

i1§...§ik

zi1 ¨ ¨ ¨ zik .

Complete homogeneous symmetric polynomials

r s

ly, hk “ srks,
one finds th

† “ “

The characters ek and hk are of special significance, because any Schur polynomial can be expressed
in terms of either hk or ek by means of Jacobi-Trudi formulae

s
λ

“ detphλj`i´jq1§i,j§`

s
λ

“ detpeλ1

j
`i´jq1§i,j§λ1

d λ
1 is conjugate to λ.



Cherednik-Bazhanov-Reshetikhin  (CBR) formula

s
λ

“ detpeλ1

j
`i´jq1§i,j§λ1

Tλpuq “ det
“

Tλ1

j
`i´jpu ` pi ´ 1qηq

‰

1§i,j§λ1

p q ” r sp q

The CBR formula can be regarded as a solution of the functional relations among transfer matrices



Functional relations

TkpuqT1pu ` ηq “ Tk`1pu ` ηq ` Tr2,1k´1spuq

1

2
...

k´1

k

b k`1 “

1

2

...

k´1

k

k`1

‘

1 k`1

2
...

k´1

k

e is a un
s, r1k´1s d r2, 1k´1s,of r1ks

numbe
le r1s,

P´
1...k b 1 “ P´

1...k`1
` Phook

non-primitive idempotent
primitive idempotents

Tr2,1k´1spuq “

ˇ

ˇ

ˇ

ˇ

ˇ

Tkpuq T0puq
Tk`1pu ` ⌘q T1pu ` ⌘q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

s λ
1
1

“ k and λ
1
2

“ 1

Tλpuq “

ˇ

ˇ

ˇ

ˇ

ˇ

Tλ1

1
puq Tλ1

2
´1puq

Tλ1

1
`1pu ` ⌘q Tλ1

2
pu ` ⌘q

ˇ

ˇ

ˇ

ˇ

ˇ

CBR formula



Analytic Bethe Ansatz
r s r s “

II. Spectrum of Bethe subalgebra and quantum-classical duality



Analytic structure of transfer matrices

ix Tkpuq has k ´ 1 kinematic zeroes.

u “ uj , uj ` η, . . . , uj ` pk ´ 2qη .

Kinematic zeroes arise due to degeneration of the R-matrix at special values of the spectral parameter

Tk,2puq “ Tr
“

Pr2ksM1puqM2pu ´ ηq . . .Mkpu ´ pk ´ 1qηq

ˆMk`1pu ` ηqMk`2puqMk`3pu ´ ηq . . .M2kpu ´ pk ´ 2qηq
‰

uj , uj ` η , . . . , uj ` pk ´ 3qη , uj ` pk ´ 2qη ,

uj ´ η , uj , uj ` η , . . . , uj ` pk ´ 3qη ,

double zeroes

x Tr2kspuq “ Tk,2puqWe also need zeroes of

There is one more (less obvious) zero at uj ` pk ´ 1qη



Talalaev’s formula

“
“

p ` p ´ q q

80), k ´ 1 kinematic zeros of Tkpuq are at´ p q

u “ uj ´ ⌘, . . . , uj ´ pk ´ 1q⌘

Introduce the sift operator e⌘Bu as e⌘Bufpuq “ fpu`⌘q.:
p q

Tkpuqek⌘Bu “ Tr
1...k

“

P´
1...kM1puqe⌘BuM2puqe⌘Bu . . .Mkpuqe⌘Bu

‰

Tkpuq “ Tkpu ` pk ´ 1q⌘q

“ Tr1...k
“

P´
1...kM1pu ` pk ´ 1q⌘q . . .Mkpuq

‰“

p ` p ´ q q p q
‰

“ Tr1...k
“

P´
1...kM1puq . . .Mkpu ` pk ´ 1qηq

‰

det
`

Mpuqe⌘Bu ´ z
˘

” Tr
1...`P

´
1...`

`

M1puqe⌘Bu ´ z
˘`

M2puqe⌘Bu ´ z
˘

. . .
`

M`puqe⌘Bu ´ z
˘

˘

“
ÿ̀

k“0

Ck
` p´zq`´kTr1...` P

´

1...`M1puqe⌘Bu . . .Mkpuqe⌘Bu

Trk`1...`P
´

1...` “
k!p` ´ kq!

`!
P´

1...k

z
˘

“
ÿ̀

k“0

p´zq`´kTr1...k P1...kM1puqe⌘Bu . . .Mkpuqe⌘Bu



Talalaev’s formula

det
`

Mpuqe⌘Bu ´ z
˘

“
ÿ̀

k“0

p´zq`´k
Tkpuqek⌘Bu

det
`

1 ´ Mpuqe⌘Bu
˘

“
ÿ̀

k“0

p´1qkTkpuqek⌘Bu

Tkpuq are quantum characters corresponding to elementary anti-symmetric representations of GL`



Lagrange interpolation

Analytic data for Tkpuq „

1.

p q „

Tkpuq is a polynomial of degree kN

Tkpuq „ ukN Tr
1...kP

´

1...k “ Ck
` u

kN

“ ´
or at u Ñ 8

2.

p q „ “

Tkpuq has Npk ´ 1q kinematic zeroes at uj ´ n⌘, n “ 1, . . . , k ´ 1 and j “ 1, . . . , N

at These data are exactly enough to uniquely reconstruct polynomial Tkpuq
p q “provided the values Tkpujq for all j “ 1, . . . , N are given

p q

gkpuq “
N

π

j“1

k´1
π

m“1

pu ´ uj ` m⌘q d g1puq “ 1.

p q

Tkpuq “ gkpuq

«

Ck
`

N
π

j“1

pu ´ ujq `
N
ÿ

j“1

Tkpujq

gkpujq

N
π

s‰j

u ´ us

uj ´ us

�



Lagrange interpolation

T1puq “ `

N
π

j“1

pu ´ ujq `
N
ÿ

j“1

T1pujq
N

π

s‰j

u ´ us

uj ´ us

.

T1puq

uN
„ ` ´

`

u

N
ÿ

j“1

uj `
1

u

N
ÿ

j“1

T1pujq
N

π

k‰j

1

uj ´ uk

` . . .

y. Consider the large u expansion

T1puq

uN
„ ` ´

`

u

N
ÿ

j“1

uj ´
⌘

u

N
ÿ

j“1

TraPaj `
1

u2

N
ÿ

i†j

pui ` ⌘qpuj ` ⌘qTrapPaiPajq ` . . .

N
ÿ

j“1

TraPaj “
N
ÿ

j“1

ÿ̀

↵“1

E↵↵,n “ N

N
ÿ

j“1

T1pujq
N

π

k‰j

1

uj ´ uk

“ ´N⌘ .

Expand T1puq as the trace of monodromy



Lagrange interpolation

Quantum determinant

detqMpuq “ T`puq “ Tr
1...`

“

P´

1...`M1pu ` p` ´ 1q⌘q . . .M`puq
‰

detqMpuq “ g`puq
N

π

j“1

pu ´ uj ´ ⌘q “
N

π

j“1

pu ´ uj ´ ⌘q
`´1
π

m“1

N
π

j“1

pu ´ uj ` m⌘q



Fusion relations for Tk(uj)

Tλpuq “ det
“

Tλ1

j
`i´jpu ` pj ´ λ

1
jq⌘q

‰

1§i,j§λ1

q

Tk,2pu ` pk ´ 1q⌘q “ TkpuqTkpu ` ⌘q ´ Tk´1pu ` ⌘qTk`1puq

ic zeros uj ´ ⌘, . . . , uj ´ k⌘ , @j “ 1, . . . , N

where zeroes at the first and the last location are single, while the remaining zeroes are double

ve done for Tk,2puq in the previous section. Howeve
at Tk,2puq has yet another zero at u “ uj ` pk ´ 1q⌘. T

, we obtain the following constraints

At u = uj

“

TkpujqTkpuj ` ⌘q ´ Tk´1puj ` ⌘qTk`1pujq “ 0

d for any k • 1.



Fusion relations for Tk(uj)

“

TkpujqTkpuj ` ⌘q ´ Tk´1puj ` ⌘qTk`1pujq “ 0

•

Tkpuj ` ⌘q “
Tk`1pujq

Tkpujq
Tk´1puj ` ⌘q “

Tk`1pujq

Tkpujq

Tkpujq

Tk´1pujq
Tk´2puj ` ⌘q

“
Tk`1pujq

Tkpujq

Tkpujq

Tk´1pujq
. . .

T2pujq

T1pujq
T0puj ` ⌘q “

Tk`1pujq

T1pujq
.

T1pujqTkpuj ` ⌘q “ Tk`1pujq ,

where k “ 1, . . . , ` ´ 1 as T`puj ` ⌘q “ 0.

Consistency condition of the CBR formula with the analytic structure of fused transfer matrices



Spectral equations

All the quantities Tkpujq, w
e viewed as generators of t

§

pair-wise commute, p q “
e, and can be viewed as generators of the Bethe subalgebra.

Fusion relations T1pujqTkpuj ` ⌘q “ Tk`1pujq together with Lagrange interpolation formulas
for Tkpuq may be used to express these quantities via T1pujq in an algebraic way

Tkpu ` ⌘q “ gkpu ` ⌘q

«

Ck
`

N
π

j“1

pu ´ uj ` ⌘q `
N
ÿ

l“1

Tkpulq

gkpulq

N
π

m‰l

u ´ um ` ⌘

ul ´ um

�

«

gkpu ` ⌘q “ gk`1puq
N

π

j“1

1

u ´ uj ` ⌘
,

Tkpu ` ⌘q “ gk`1puq

«

Ck
` `

N
ÿ

l“1

Tkpulq

gkpulqpu ´ ul ` ⌘q

N
π

m‰l

1

ul ´ um

�

Introducing an auxiliary function

hpu, ulq “
1

u ´ ul ` ⌘

N
π

m‰l

1

ul ´ um

,



Spectral equations

Tkpu ` ⌘q “ gk`1puq

«

Ck
` `

N
ÿ

l“1

Tkpulq

gkpulq
hpu, ulq

�

Tkpuj ` ⌘q “ gk`1pujq

«

Ck
` `

N
ÿ

l“1

Tkpulq

gkpulq
hpuj , ulq

�

T1pujqTkpuj ` ⌘q “ Tk`1pujq ,

Tk`1pujq

gk`1pujq
“ T1pujq

«

Ck
` `

N
ÿ

l“1

hpuj , ulq
Tkpulq

gkpulq

ff

Recurrence!

T2pujq

g2pujq
“ xj

«

C1

` `
N
ÿ

l“1

hpuj , ulqxl

ff

ÿ

at g1pujq “ 1.

ns xj ” T1pujq.

p q

T3pujq

g3pujq
“ xj

«

C2

` ` C1

`

N
ÿ

l“1

hpuj , ulqxl `
N
ÿ

l“1

N
ÿ

n“1

hpuj , ulqhpul, unqxlxn

ff

. . .



Spectral equations

ns xj ” T1pujq.
T`pujq

g`pujq
“ xj

«

C`´1

`
` C`´2

`

N
ÿ

m“1

hpuj , umqxm ` C`´3

`

N
ÿ

m1,m2“1

hpuj , um1
qhpum1

, um2
qxm1

xm2

` . . . ` C1

`

N
ÿ

m1,...,m`´2“1

hpuj , um1
q . . . hpum`´3

, um`´2
qxm1

. . . xm`´2

`
N
ÿ

m1,...,m`´1“1

hpuj , um1
q . . . hpum`´1

, um`´1
qxm1

. . . xm`´1

ff

.

p
1
pujq “ xj

«

C`´1

`
` C`´2

`

N
ÿ

m“1

hpuj , umqxm ` C`´3

`

N
ÿ

m1,m2“1

hpuj , um1
qhpum1

, um2
qxm1

xm2

` . . . ` C1

`

N
ÿ

m1,...,m`´2“1

hpuj , um1
q . . . hpum`´3

, um`´2
qxm1

. . . xm`´2

`
N
ÿ

m1,...,m`´1“1

hpuj , um1
q . . . hpum`´1

, um`´1
qxm1

. . . xm`´1

ff

.

1st vacuum polynomial

hpu, ulq “
1

u ´ ul ` ⌘

N
π

m‰l

1

ul ´ um

,

of N polynomial equations of `th order to determine xj

By the elimination method, one may obtain for any xj a polynomial equation of order `N , the latter
number equals to dimension of the Hilbert space of the gl` spin chain. The roots of this equation
are `

N eigenvalues of operator T1pujq

p
1
(u) =

NY

k=1

(u− uk − η)



Spectral equations for        spin chain

a N ˆ N matrix L

Lij “ ´hpui, ujqxj “ ´
xj

ui ´ uj ` ⌘

N
π

k‰j

1

uj ´ uk

N
±

k“1

puj ´ uk ´ ⌘q

xj

“
N
ÿ

k“1

`´1
ÿ

m“0

p´1qmC`´1´m
`

pLmqjk , j “ 1, . . . , ` .

Spectral equations

gl
2

N
π

k“1

puj ´ uk ´ ⌘q “ 2xj ` xj

N
ÿ

k“1

xk

uj ´ uk ` ⌘

N
π

l‰k

1

uk ´ ul

, j “ 1, . . . , N .

For gl
2

π ÿ π

This is a system of N quadratic equations for variables xj .
N j

as 2N solutions counted with multiplicities.
q

s tx
pmq
1

, . . . , x
pmq
N u, where m “ 1, . . . , 2N .

ppNq “

N{2
ÿ

s“N{2´rN{2s

multspNq “
N !

pN ´ rN{2sq!rN{2s!

a number of different tuples px1, . . . , xN q among all 2N solutions
p q “ p q



Spectral equations for        spin chaingl
2

ppNq “

N{2
ÿ

s“N{2´rN{2s

multspNq “
N !

pN ´ rN{2sq!rN{2s!

a number of different tuples px1, . . . , xN q among all 2N solutions
p q “ p q

Level Spin pattern # of states SN“4-modules

M “ 0 ÒÒÒÒ 1 S
r4s
s“2

M “ 1 ÓÒÒÒ 4 S
r3,1s
s“1

‘ S
r4s

M “ 2 ÓÓÒÒ 6 S
r2,2s
s“0

‘ S
r3,1s ‘ S

r4s

M “ 3 ÓÓÓÒ 4 S
r3,1s ‘ S

r4s

M “ 4 ÓÓÓÓ 1 S
r4s

q p q
or N “ 4 there will be pp4q “ 6 different triples px1, x2, x2q

“ “
For

s dr2,2s “ 2, dr3,1s “ 3,
states of
dr4s “ 1.



Spectral equations for        spin chaingl
2

tj “
N

π

k‰j

1

uj ´ uk

, yj “ xjtj

N
ÿ

k“1

yjyk

uj ´ uk ` ⌘
` 2yj ` ⌘

N
π

k‰j

uj ´ uk ´ ⌘

uj ´ uk

“ 0 , j “ 1, . . . , N .

y asymptotics of T1puq
N
ÿ

j“1

yj “ ´Nη .

must be valid for any solution!

N
ÿ

k“1

η

uj ´ uk ` η

N
π

l‰j

uk ´ ul ´ η

uk ´ ul

“ 1 , @j “ 1, . . . , N .

yj ´ tj
N
±

k“1

puj ´ uk ´ ηq

yj
“ ´

N
ÿ

k“1

1

uj ´ uk ` η

«

yk ´ tk

N
π

l“1

puk ´ ul ´ ηq

�

ÿ

Introduce

ρj “

yj ´ tj
N
±

k“1

puj ´ uk ´ ηq

yj



Spectral equations for        spin chaingl
2

at the system takes the form

ρj ´
N
ÿ

k“1

Ljkρk “ 0

Kjkρk “ 0 , j “ 1 , . . . , N ,

where the N ˆ N matrix K is

K “ 1 ´ L .

a trivial solution ρj “ 0 which for xj yields

xj “
N

π

k“1

puj ´ uk ´ ηq .

T
vac

1
puq “

N
π

j“1

pu ´ ujq `
N

π

j“1

pu ´ uj ´ ⌘q = p
1
(u) + p

2
(u)

in s “ N{2, vacuum multiplet

For non-trivial solutions detK = 0



Quantum-classical duality
the one and the same value for
. Let us renormalize variables xj by the vacuum solution ⇣j “

xj

N
±

k“1

puj ´ uk ´ ⌘q

L “
N
ÿ

i,j“1

⌘ ⇣j

ui ´ uj ` ⌘

N
π

k‰j

uj ´ uk ´ ⌘

uj ´ uk

Eij .

Lax matrix of the Ruijsenaars-Schneider model

⇣j “ e´pj t tpi, uju “ �ij .
coordinates

pk “ TrLk , k “ 1, . . . , N .

Integrals of motion

Another basis of integrals are ani-symmetric characters detpL ´ zq “
N
ÿ

k“0

p´1qN´kzN´k
ek

e1 “
N
ÿ

j“1

ζj

N
π

k‰j

uj ´ uk ´ η

uj ´ uk

“ trL ,

e2 “
N
ÿ

i†j

ζiζj

N
π

k‰i,j

ui ´ uk ´ η

ui ´ uk

uj ´ uk ´ η

uj ´ uk

,

...

eN´1 “
N
ÿ

i1†...†jN´1

ζj1 . . . ζjN´1

N
π

k‰j1,...,jN´1

uj1 ´ uk ´ η

uj1 ´ uk

. . .
ujN´1

´ uk ´ η

ujN´1
´ uk

,

eN “ ζ1 . . . ζN “ detL .



Quantum-classical duality

Theorem. For any solution of the gl
2
spectral equations

TrLk “ N , k “ 1, . . . , N

125), In other words, pk and ek are invariants of the spectral equations

ek “ Ck
N , k “ 1, . . . , N

Sketch of the proof
Ñ ´

TrLk “ 2TrLk´1 ´ TrLk´2Spectral equations imply recurrence TrLk “ N ` kpTrL ´ Nq .

µ ” p1 “ TrLvia pk “ TrLk pk “ N ` kpµ ´ Nq , k P Z .

TrL´1 “ 2N ´ µ “
eN´1

eN

k = −1

ek “
k

ÿ

n“0

p´1qnCk´n

N`1
Lnpµ ´ Nq

“
k

ÿ

m“0

pµ ´ Nqm

m!
Ck´m

N`1 2F1pm ` 1,m ´ k;N ` 2 ` m ´ k; 1q

eN “
N
ÿ

m“0

pµ ´ Nqm

m!
,

eN´1 “
N´1
ÿ

m“0

pN ´ mq
pµ ´ Nqm

m!



Quantum-classical duality

eN´1 ` pµ ´ 2NqeN “ 0

eN´1 ` pµ ´ 2NqeN “
pµ ´ NqN`1

N !
“ 0

µ “ N .

TrLk “ N ek “ Ck
N

0 “
N
ÿ

k“0

p´1qN´kLN´k
ekpLq “

N
ÿ

k“0

Ck
N p´1qN´kLN´k “ p1 ´ LqNÿ

i.e. we deduce that K “ 1 ´ L is nilpotent KN “ 0
e. et “ p1, . . . , 1q. E

p ´

The system of N quadratic equations

p1 ´ Lq2e “ 0

is fully equivalent to the original system



Quantum-classical duality

Spectral equations for gl` spin chain are equivalent to

p1 ´ Lq`e “ 0 .

where L is the Lax matrix140) of the rational RS model for N particles.

“ P

Let us fix N and consider equations204) for ` † N .´

. Denote by Ω
N

gl
`

a set of solutions
N

p ´ qk “

204) counted without multiplicities.
°

Ω
N

gl
2

Ä Ω
N

gl
3

Ä . . . Ä Ω
N

gl
`

Ä . . . Ä Ω
N

gl
N

“

From Schur-Weyl duality, for N fixed the number of gl` irreducible multiplets in the tensor product
decomposition of pC`qbN stabilizers starting from ` “ N

Ω
N

gl
N

“ Ω
N

gl
N`1

“ . . . “ Ω
N

gl
`

“ . . . or ` ° N

“

The solution set of N polynomial equations

TrLk “ N , k “ 1, . . . , N ,

exactly coincides with Ω
N

gl
N

N

as N ! solutions,
“

the number of different solutions among all N ! solutions



Analytic Bethe Ansatz
“

III. Baxter’s TQ-relations and wronskian Bethe equations



Tableau sum formula

j Ø Zjpuq
tion as sums over se
re 1 § j § ` for GL`,p q

d quantum eigenvalues,

ZipuqZjpvq “ ZjpvqZipuq

Tλpuq “
ÿ

t Ptasstλu

π

pi, jqPt

Z#pi,jqpu ` cij⌘q

d cij “ j´ip q
e content of the pi, jq-box.x. For instance,

ÿ p q

Tkpuq “
ÿ

1§i1†...†ik§`

Zi1pu ´ pk ´ 1q⌘q ¨ ¨ ¨Zikpuq ,

compatible with the CBR formula!



Tableau sum formula

Tλpuq “
ÿ

t Ptasstλu

π

pi, jqPt

Z#pi,jqpu ` cij⌘q

Example

Tr2spuq “ T1puqT1pu ` ⌘q ´ T2pu ` ⌘q CBR formula

“

T1puq “ 1 ` 2 “ Z1puq ` Z2puq ,

T2puq “
2

1
“ Z1pu ´ ⌘qZ2puq ,

Tr2spuq “ 1 1 ` 2 1 ` 2 2 “ Z1puqZ1pu ` ⌘q ` Z1pu ` ⌘qZ2puq ` Z2puqZ2pu ` ⌘q



Quantum spectral curve

Tkpuq “
ÿ

1§i1†...†ik§`

Zi1puq ¨ ¨ ¨Zikpu ` pk ´ 1q⌘q

ÿ̀

k“0

p´1qkTkpuqek⌘Bu “ p1 ´ Z1puqe⌘Buq . . . p1 ´ Z`puqe⌘Buq

Miura transform

det
`

1 ´ Mpuqe⌘Bu
˘

“
ÿ̀

k“0

p´1qkTkpuqek⌘Bu

Recall

detpMpuq ´ z1q “ 0

Classical spectral curve

Quantum spectral curve

≡

finite-difference operator

ÿ̀

k“0

p´1qkTkpuqQpu ` pk ´ 1q⌘q “ 0 , of Baxter’s TQ-relation!

Let a function Qpu ´ ⌘q be in the kernel of L1puq

of L1puq



Quantum spectral curve

ÿ̀

k“0

p´1qkTkpuqek⌘Bu “ p1 ´ Z1puqe⌘Buq . . . p1 ´ Z`puqe⌘Buq

Lj “ p1 ´ Zjpuqe⌘Buqp1 ´ Zj`1puqe⌘Buq . . . p1 ´ Z`puqe⌘Buq ,

KerL`puq Ä KerL`´1puq Ä . . . Ä KerL1puq .
p q Ä p q Ä Ä p q

Let us choose a basis !kpuq of ` independent (fundamental) solutions of the `th-order difference
equation

equation

L1! “ 0

by requiring that

L`´j`1!k “ 0 , 1 § k § j .

This provides a solution basis compatible with the flag structure

t!1puqu Ä t!1puq,!2puqu Ä . . . Ä t!1puq, . . . ,!`puqu

Fundamental functionsof Q-

set up to work with fun
r: Qjpuq “ !jpu ` ⌘q.



Quantum eigenvalues and characters via Q-functions

p1 ´ Z`puqe⌘BuqQ1pu ´ ⌘q “ Q1pu ´ ⌘q ´ Z`puqQ1puq “ 0 ,

Z`puq “
Q1pu ´ ⌘q

Q1puq

p1 ´ Z`´1puqe⌘Buqp1 ´ Z`puqe⌘BuqQ2pu ´ ⌘q “ 0 ,

Z`´1puq “
Q1pu ` ⌘q

Q1puq

Qt12upu ´ ⌘q

Qt12upuq
Qt1,2upuq “

ˇ

ˇ

ˇ

ˇ

Q1puq Q1pu ` ⌘q
Q2puq Q2pu ` ⌘q

ˇ

ˇ

ˇ

ˇ

e introduce the Q-functions Qti1,...,ikupuq

Qti1,...,ikupuq “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Qi1puq . . . Qi1pu ` pk ´ 1q⌘q
...

...
Qikpuq . . . Qikpu ` pk ´ 1q⌘q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

subsets of

“
t1, . . . , `u

t

ar, Qtju “ Qj

e QH

y to v

= 1

2
` Q-functions



Quantum eigenvalues and characters via Q-functions

at QH “
-standar

Qt1u
Qt2u Qt3u

Qt1,2u
Qt1,3u

Qt2,3u

Qt1,2,3u

2: Hasse diagram for gl3.
are 3!=6 inequivalent pat

3 “
and there are 3!=6 inequivalent paths connecting QH with Qt1,2,3u.

w

. There are 23 “ 8 nodes corresponding to different Q-functions

an `-dimensional hypercube,

Zkpuq “
Qt1,...,`´pk´1qupu ´ ⌘q

Qt1,...,`´pk´1qupuq

Qt1,...,`´kupu ` ⌘q

Qt1,...,`´kupuq
.

T1puq “
ÿ̀

k“1

Qt1,...,`´pk´1qupu ´ ⌘q

Qt1,...,`´pk´1qupuq

Qt1,...,`´kupu ` ⌘q

Qt1,...,`´kupuq



Solving TQ-relations for gl2

T1puqQpuq “ Qpu ´ ηq ` T2puqQpu ` ηq , where Q “ Q1 or Q “ Q2

T2puq “
N

π

j“1

pu ´ uj ` ηqpu ´ uj ´ ηq

quantum determiant

T1puq “
Qpu ´ ηq

Qpuq
`

N
π

j“1

pu ´ uj ´ ηq
N

π

j“1

pu ´ uj ` ηq
Qpu ` ηq

Qpuq
.

g the asymptotic behavior of transfer matrices at large u

T1puq “ 2uN ` . . . , T2 “ u
2N ` . . .

Fusion
`

T1pujq “
Qpuj ´ ηq

Qpujq
`

N
π

k“1

puj ´ uk ´ ηq
N

π

k“1

puj ´ uk ` ηq
Qpuj ` ηq

Qpujq
,

T1puj ` ηq “
Qpujq

Qpuj ` ηq
.

T1pujqT1puj ` ηq “
Qpuj ´ ηq

Qpujq

Qpujq

Qpuj ` ηq
` T2pujq

Qpuj ´ ηq

Qpujq
“ 0



Solving TQ-relations for gl2

Qpuj ´ ηq

Qpujq
“ 0 y j “ 1, . . . , N .

Qpu ´ ⌘q

Qpuq
“ γ

N
π

j“1

pu ´ ujq
Qpu ´ ⌘q

Qpuq

Ñ `

Qpu ` ⌘q

Qpuq
“

1

γ

N
±

j“1

pu ´ uj ` ⌘q

Qpu ` ⌘q

Qpuq

T1puq “ γ

N
π

j“1

pu ´ ujq
Qpu ´ ⌘q

Qpuq
`

1

γ

N
π

j“1

pu ´ uj ´ ⌘q
Qpu ` ⌘q

Qpuq

of T1puq „ 2uN at γ “ 1.at γ ` 1{γ “ 2,



Analytic Bethe Ansatz
“

T1puq “
N

π

j“1

pu ´ ujq
Qpu ´ ⌘q

Qpuq
`

N
π

j“1

pu ´ uj ´ ⌘q
Qpu ` ⌘q

Qpuq

Qpuq “
M
π

j“1

pu ´ vjq

the location of its roots vj can be found from the system of Bethe equations

N
π

j“1

vk ´ uj ´ ⌘

vk ´ uj

“ ´
Qpvk ´ ⌘q

Qpvk ` ⌘q
, k “ 1, . . . ,M

om analyticity of T1puq at u “ vk
p q

apparent poles at u = vk

“

T1puq “
N

π

j“1

pu ´ ujq
Qpu ´ ⌘q

Qpuq
`

N
π

j“1

pu ´ uj ´ ⌘q
Qpu ` ⌘q

Qpuq

e Baxter Q-polynomial

p
1
puq “p

2
puq “ vacuum polynomials

Full agreement with the algebraic Bethe Ansatz!



Analytic Bethe Ansatz

Analytic structure of Q-functions

Qpuq “ ⌧puqQpuq Qpuq “
M
π

j“1

pu ´ vjq

⌧pu ´ ⌘q

⌧puq
“

N
π

j“1

pu ´ ujq
Qpu ´ ⌘q

Qpuq
“

N
π

j“1

pu ´ ujq
Qpu ´ ⌘q

Qpuq

⌧puq “ �puq
N

π

j“1

p´⌘q´ u

η Γ

´uj ´ u

⌘

¯

,

g �pu ` ⌘q “ �puq.
p q p q

Qpuq “ µQpuq
N

π

j“1

p´⌘q´ u

η Γ

´uj ´ u

⌘

¯

s Q1puq and Q2puq
ion constants µ an

must have the same structure
p q p q

251), albeit with different normalization constants µ1 and µ2,
p q ˚

Q1pu ´ ⌘q

Q1puq
“

N
π

j“1

pu ´ ujq
Q1pu ´ ⌘q

Q1puq
,

Q2pu ´ ⌘q

Q2puq
“

N
π

j“1

pu ´ ujq
Q2pu ´ ⌘q

Q2puq



Wronskian Bethe equations 

Q1pu ´ ⌘q

Q1puq
“

N
π

j“1

pu ´ ujq
Q1pu ´ ⌘q

Q1puq
,

Q2pu ´ ⌘q

Q2puq
“

N
π

j“1

pu ´ ujq
Q2pu ´ ⌘q

Q2puq

gl
2

T1puq “
Q1pu ´ ⌘q

Q1puq
`

Q1pu ` ⌘q

Q1puq

Qt1,2upu ´ ⌘q

Qt1,2upuq
,

T2puq “
Qt1,2upu ´ ⌘q

Qt1,2upuq
.

Recall the solution for the transfer matrices in terms of quantum eigenvalues,
the latter are solved in terms of Q’s

T2puq “ ´

Q1pu´ηq
Q1puq ´ Q2pu´ηq

Q2puq

Q1pu`ηq
Q1puq ´ Q2pu`ηq

Q2puq

N
π

j“1

u ´ uj ´ ⌘

u ´ uj

“ ´
Q1pu ´ ⌘qQ2puq ´ Q2pu ´ ⌘qQ1puq

Q1pu ` ⌘qQ2puq ´ Q2pu ` ⌘qQ1puq

Wronskian Bethe equations

a

N
π

j“1

pu ´ ujq “ Q1puqQ2pu ` ⌘q ´ Q2puqQ1pu ` ⌘q “

ˇ

ˇ

ˇ

ˇ

Q1puq Q1pu ` ⌘q
Q2puq Q2pu ` ⌘q

ˇ

ˇ

ˇ

ˇ



Wronskian Bethe equations gl2

a

N
π

j“1

pu ´ ujq “ Q1puqQ2pu ` ⌘q ´ Q2puqQ1pu ` ⌘q “

ˇ

ˇ

ˇ

ˇ

Q1puq Q1pu ` ⌘q
Q2puq Q2pu ` ⌘q

ˇ

ˇ

ˇ

ˇ

p q p q

Q1puq “
M
π

j“1

pu ´ vjq , Q2puq “
M˚

π

j“1

pu ´ v˚
j q

auN ` . . . “ ⌘pM˚ ´ MquM`M˚´1 ` . . .

M˚ “ N ´ M ` 1 , a “ pN ´ 2M ` 1q⌘ .
e normalisation
e M˚

° rN{2s.

T1puq “
N

π

j“1

pu ´ ujq
Q1pu ´ ⌘qQ2pu ` ⌘q ´ Q1pu ` ⌘qQ2pu ´ ⌘q

Q1puqQ2pu ` ⌘q ´ Q1pu ` ⌘qQ2puq

“
1

pN ´ 2M ` 1q⌘

ˇ

ˇ

ˇ

ˇ

Q1pu ´ ⌘q Q1pu ` ⌘q
Q2pu ´ ⌘q Q2pu ` ⌘q

ˇ

ˇ

ˇ

ˇ

.



Wronskian Bethe equations gl2

a

N
π

j“1

pu ´ ujq “ Q1puqQ2pu ` ⌘q ´ Q2puqQ1pu ` ⌘q “

ˇ

ˇ

ˇ

ˇ

Q1puq Q1pu ` ⌘q
Q2puq Q2pu ` ⌘q

ˇ

ˇ

ˇ

ˇ

Q1puq “ uM

˜

1 `
M
ÿ

k“1

a
pkq
1

uk

¸

, Q2puq “ uM˚

¨

˝1 `
M˚

ÿ

k“1

a
pkq
2

uk

˛

‚

p q
on Q2puq Ñ Q2puq `αQ1puq

• ´ ` p q

t N polynomial equations to determine all the remaining N “ M ` pM˚ ´ 1q coefficients13

p q

Tableau Polynomials Q1puq,Q2puq T1puq

1, u5 ´ 5

2
u4

η ` 5

3
u3

η
2 ´ 1

6
uη4 2u4 ´ 4u3

η ` 6u2
η
2 ´ 4uη3 ` η

4

u ´ 1

2
η , u4 ´ 2u3

η ` 2u2
η
2 ´ 1

2
η
4 2u4 ´ 4u3

η ` 2u2
η
2 ´ η

4

u ´ 1`i

2
η, u4 ´ p2 ´ iqu3

η ` 1´3i

2
u3

η ` i

2
η
4 2u4 ´ 4u3

η ` 2u2
η
2 ´ 2iuη3 ` iη

4

u ´ 1´i

2
η, u4 ´ p2 ` iqu3

η ` 1`3i

2
u3

η ´ i

2
η
4 2u4 ´ 4u3

η ` 2u2
η
2 ` 2iuη3 ´ iη

4

u2 ´ uη, u3 ´ 2u2
η ` 1

2
η
3 2u4 ´ 4u3

η ` 2uη3 ´ η
4

u2 ´ uη ` 1

2
η
3, u3 ´ u2

η ` 1

6
η
3 2u4 ´ 4u3

η ` 2uη3 ` η
4

1: Representation content, Q-polynomials and transfer matrix eigenvalues T1puq for the gl2
“ p q “ p ´ q4p ` q4

1p q
spin chain of length N “ 4. The value of the quantum determinant is T2puq “ pu ´ ηq4pu ` ηq4.



TQ-relations for gl`

T1puq “
Qpu ´ ⌘q

Qpuq
` T2puq

Qpu ` ⌘q

Qpuq
` . . . ` p´1q`T`puq

Qpu ` p` ´ 1q⌘q

Qpuq

p q

T1puj ` ⌘q “
Qpujq

Qpuj ` ⌘q
` T2puj ` ⌘q

Qpuj ` 2⌘q

Qpuj ` ⌘q
` . . . ` p´1q`T`puj ` ⌘q

Qpuj ` `⌘q

Qpuj ` ⌘q
.

p ` q

e T`puj ` ⌘q “ 0,

p q

T2pujq “ T1pujqT1puj ` ⌘q

“ T1pujq
Qpujq

Qpuj ` ⌘q
` T3pujq

Qpuj ` 2⌘q

Qpuj ` ⌘q
` . . . ` p´1q`´1T`pujq

Qpuj ` p` ´ 1q⌘q

Qpuj ` ⌘q

T1pujq “
Qpuj ´ ⌘q

Qpujq
` T2pujq

Qpuj ` ⌘q

Qpujq
` . . . ` p´1q`T`pujq

Qpuj ` p` ´ 1q⌘q

Qpujq

substitute

all terms with Tk≥3 cancel out

•

T2pujq “
Qpuj ´ ⌘q

Qpujq

Qpujq

Qpuj ` ⌘q
` T2pujq .

Qpuj ´ ⌘q

Qpujq
“ 0 , j “ 1, . . . , N



TQ-relations for gl`
q{ p q

Qpu ´ ⌘q

Qpuq
“ γ

N
π

j“1

pu ´ ujq
Qpu ´ ⌘q

Qpuq

Qpu ` k⌘q

Qpuq
“

1

γkgkpuq

Qpu ` k⌘q

Qpuq
gkpuq “

N
π

j“1

k´1
π

m“1

pu ´ uj ` m⌘q

T1puq “ γ

N
π

j“1

pu ´ ujq
Qpu ´ ⌘q

Qpuq
` γ

´1
T2puq

g2puq

Qpu ` ⌘q

Qpuq

´ γ
´2

T3puq

g3puq

Qpu ` 2⌘q

Qpuq
` . . . ` p´1q`γ´p`´1q T`puq

g`puq

Qpu ` p` ´ 1q⌘q

Qpuq

` “ γ `
ÿ̀

k“2

p´1qkγ´pk´1qCk
` “ ` ` γ

ˆ

1 ´
1

γ

˙`

get γ “ 1.



Connection to the algebraic Bethe Ansatz for  gl`

Qt1,...,kupu ´ ⌘q

Qt1,...,kupuq
“ gkpuq

N
π

j“1

pu ´ ujq
Qt1,...,kupu ´ ⌘q

Qt1,...,kupuq

Qt1,...,kupu ` ⌘q

Qt1,...,kupuq
“

1

gk`1puq

Qt1,...,kupu ` ⌘q

Qt1,...,kupuq
,

T1puq “
N

π

j“1

pu ´ ujq
ÿ̀

k“1

Qt1,...,`´k`1upu ´ ⌘q

Qt1,...,`´k`1upuq

Qt1,...,`´kupu ` ⌘q

Qt1,...,`´kupuq
.

T`puq “ g`puq
N

π

j“1

pu ´ ujq
Qt1,...,`upu ´ ⌘q

Qt1,...,`upuq

Qt1,...,`upu ´ ⌘q

Qt1,...,`upuq
“

N
π

j“1

u ´ uj ´ ⌘

u ´ uj

“

T1puq “ p
1
puq

Qt1,...,`´1upu ` ⌘q

Qt1,...,`´1upuq
`

ÿ̀

k“2

pkpuq
Qt1,...,`´k`1upu ´ ⌘q

Qt1,...,`´k`1upuq

Qt1,...,`´kupu ` ⌘q

Qt1,...,`´kupuq

Reproduction of the algebraic Bethe Ansatz result!



Traditional       Bethe equations gl`

Qt1,...,`´kupuq “ κ`´k

Mk
π

j“1

`

u ´ u
pkq
j

˘

,
π

` ˘

y, Qt1,...,`´kupuq “ κ`´kQkpuq, w re Qkpuq are Baxter’s polynomials

Qt1,...,`´k´1upu
pkq
j q

Qt1,...,`´k`1upu
pkq
j q

Qt1,...,`´k`1upu
pkq
j ´ ⌘q

Qt1,...,`´k´1upu
pkq
j ` ⌘q

“ ´
Qt1,...,`´kupu

pkq
j ´ ⌘q

Qt1,...,`´kupu
pkq
j ` ⌘q

where j “ 1, . . . ,Mk and k “ 1, . . . , ` ´ 1.
traditional Bethe equations



Wronskian Bethe equations gl`

Qt1,...,`upuq
N
±

j“1

pu ´ ujq

“
Qt1,...,`upu ´ ⌘q
N
±

j“1

pu ´ uj ´ ⌘q

fpuq “
Qt1,...,`upuq
N
±

j“1

pu ´ ujq

dic: fpuq “ fpu ` ⌘q t: fpuq “ a.

Qt1,...,`upuq “ a

N
π

j“1

pu ´ ujqQuantization condition!

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Q1puq . . . Q1pu ` p` ´ 1q⌘q
...

...
Q`puq . . . Q`pu ` p` ´ 1q⌘q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ κ`

N
π

j“1

pu ´ ujq

Tkpuq “
gkpuq

κ`

det
”

Qi

`

u ` pj ´ 1 ´ δj|kq⌘
˘

ı

1§i,j§`



Wronskian Bethe equations gl`

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Q1puq . . . Q1pu ` p` ´ 1q⌘q
...

...
Q`puq . . . Q`pu ` p` ´ 1q⌘q

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“ κ`

N
π

j“1

pu ´ ujq

Qkpuq “
nk
π

s“1

`

u ´ wpkq
s

˘

“ unk

˜

1 `
nk
ÿ

s“1

a
psq
k

us

¸

wronskian Bethe roots

Qt1,2,...,kupuq “ κku
⌫k ` . . . ,

⌫k “
k

ÿ

j“1

nj ´
kpk ´ 1q

2
, κk “ ⌘

kpk´1q
2

k
π

i°j

pni ´ njq , or k “ 2, . . . , `

as ⌫1 “ n1 and κ1 “ 1.

“ “

Mk “
`´k
ÿ

j“1

nj ´
p` ´ kqp` ´ 1 ´ kq

2
, k “ 1, . . . , ` ´ 1 ,

“ ´

Qt1,...,`´kupuq “ κ`´k

Mk
π

j“1

`

u ´ u
pkq
j

˘

compare

and from matching the leading power of u in

ÿ

and from matching the leading power of u

N “
ÿ̀

j“1

nj ´
`p` ´ 1q

2

# of traditional Bethe roots



Wronskian Bethe equations gl`

nk “ M `´k ´ M `´k`1 ` k ´ 1

the fundamental
e rM1, . . . ,M`s

nk “ M`´k`1 ` k ´ 1 ,

gl` highest weight

n1 “ M` , n2 “ M`´1 ` 1 , n2 “ M`´2 ` 2 , . . . , n` “ M1 ` ` ´ 1

“ ` “

y M1 • M2 • . . . • M`,

n1 † n2 † . . . † n`

together with the restriction

ÿ̀

k“1

nk “ N `
`p` ´ 1q

2

Gauge transformations
Q1puq Ñ Q1puq ,

Q2puq Ñ Q2puq ` ↵21Q1puq ,

Q3puq Ñ Q3puq ` ↵32Q2puq ` ↵31Q1puq ,

...

Q`puq Ñ Q`puq ` ↵``´1Q`´1puq ` ↵``´2Q`´2puq ` . . . ` ↵`1Q1puq .

on 1

2
`p` ´ 1q arbitrary constants ↵km.

number of unknowns



Example:        chain of length N=3gl3

Tableau rM1,M2,M3sD rn1, n2, n3s Polynomials Q1puq,Q2puq,Q3puq

r3, 0, 0s10 r0, 1, 5s 1, u, u5 ´ 5u4⌘ ` 25

3
u3⌘2 ´ 5u2⌘3

r2, 1, 0s8 r0, 2, 4s 1, u2 ´ `

2 ` i?
3

˘

u⌘, u4 ´ p4 ´ 2i?
3

qu3⌘ ` p10 ´ i
?
3qu⌘3

r2, 1, 0s8 r0, 2, 4s 1, u2 ´ `

2 ´ i?
3

˘

u⌘, u4 ´ p4 ` 2i?
3

qu3⌘ ` p10 ` i
?
3qu⌘3

r1, 1, 1s1 r1, 2, 3s u ´ ⌘, u2 ´ 4

3
⌘2, u3 ´ 2⌘3

2: Representation content and fundamental Q-polynomials for the gl3 spin chain of length
r s

N “ 3.
3

3. The subscript D in rM1,M2,M3sD indicates the dimension of the corresponding gl3 module.

T1puq “ u3
Qpu ´ ⌘q
Qpuq ` T2puq

g2puq
Qpu ` ⌘q
Qpuq ´ pu ´ ⌘q3Qpu ` 2⌘q

Qpuq ,

Tableau T1puq T2puq
g2puq

T3puq
g3puq

3u3 ´ 3u2⌘ ` 3u⌘2 ´ ⌘3 3u3 ´ 6u2⌘ ` 6u⌘2 ´ 2⌘3 pu ´ ⌘q3

3u3 ´ 3u2⌘ ` 1´i
?
3

2
⌘3 3u3 ´ 6u2⌘ ` 3u⌘2 ´ 1`i

?
3

2
⌘3 pu ´ ⌘q3

3u3 ´ 3u2⌘ ` 1`i
?
3

2
⌘3 3u3 ´ 6u2⌘ ` 3u⌘2 ´ 1´i

?
3

2
⌘3 pu ´ ⌘q3

3u3 ´ 3u2⌘ ´ 3u⌘2 ´ ⌘3 3u3 ´ 6u2⌘ ` 4⌘3 pu ´ ⌘q3

ues of the transfer matrices for the gl3 spin chain w
are g2puq “ pu ` ⌘q3 and g3puq “ pu ` ⌘q3pu ` 2⌘q3.




