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Plasma - Tokamak

A Tokamak is a device which uses a magnetic field to confine plasma 
in the shape of a torus

It is designed to produce controlled fusion energy. It is regarded as 
the main candidate for the role of a practical thermonuclear reactor
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Initially: Torus configuration

A stable plasma equilibrium requires 
magnetic field lines that spiral 

around the torus.

Lawson Criterion – triple product
Density x Temperature x Confinement time:

nT
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Plasma shaping - Geometric factors 

Geometric factors influencing energy 
confinement time:

- Aspect ratio, 

- Plasma elongation, k=b/a,
where b is the height of the plasma 
measured from the equatorial plane

- Plasma triangularity, δ, the 
horizontal distance between the major 
radius and the x-point

/R a 
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Plasma Shaping

• Premier plasma shaping tokamak

• Modeled confinement time in excess of 300s

• Internal transport barrier optimization
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 Cap-cyclide coordinates
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Cap-cyclide coordinates

A natural coordinate system
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Real space coordinates (x,y,z) 
are transformed to the coordinates (m,n,j)
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Cap-cyclide coordinates
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Involved functions

k is the parameter of 
elliptical integrals
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Coordinate transformation:

Complex function representation

Cauchy–Riemann conditions
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 Grad–Shafranov equation 
Generalized Laplace equation



13

Assuming axial symmetry and using cylindrical coordinates R,Z,j

Plasma equilibrium equation

P is the kinetic plasma pressure
J is the plasma current density 
B is the magnetic field 
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Flux function over a poloidal surface

This is the Grad–Shafranov equation 
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Auxiliary equation

Grad-Shafranov and Laplace equations

Transformation
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Generalized Laplace 
equation
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 Solution in Bipolar coordinates
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2D bipolar
coordinates  ,r
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2D Cartesian Laplacian
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GSE is reduced to the equation



( ) ( )w u r  

 0sin( )p   

Equation for the radial component 

 2
2

2 2
0

sinh

d u A
p u

dr r

      
 

18

Separation of variables

Separation constant p
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General solution

For Grad–Shafranov equation
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For axisymmetric Laplace equation
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 Solution in Cap-Cyclide coordinates
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Auxiliary equation is rewritten as 

Laplacian in cap-cyclide coordinates 
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Separation of variables
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General Heun equation 
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Variable change
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1. General Heun equation
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The five Heun equations_1

2. Confluent Heun equation
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4. Bi-Confluent Heun equation
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The five Heun equations_2

5. Tri-Confluent Heun equation
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3. Double-Confluent Heun equation
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A fundamental solution of the auxiliary equation 
in terms of the general Heun equation
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 Bipolar limit of Cap-Cyclide coordinates 
for the Grad–Shafranov equation



Bipolar limit of cap-cyclide coordinates for the 
Grad–Shafranov equation
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In the limit 1k  ( )2tanhz m
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In terms of the ordinary hypergeometric functions

Fundamental solution
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Hypergeometric function in terms of the Legendre 
P function 
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Second fundamental solution
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Expression in terms of the Legendre Q function 

Second fundamental solution is rewritten as
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The only difference: ( )21,z dn kn

Elementary solution:

Angular Solution
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Independent fundamental solutions 
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Angular part

Radial part
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 Discussion

 ……
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