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Plasma - Tokamak

A Tokamak 1s a device which uses a magnetic field to confine plasma
in the shape of a torus

It 1s designed to produce controlled fusion energy. It is regarded as
the main candidate for the role of a practical thermonuclear reactor 3




Initially: Torus configuration
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Plasma shaping - Geometric factors

etric factors influencing energy
confinement time:
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Plasma Shaping

* Premier plasma shaping tokamak
e Modeled confinement time 1n excess of 300s

* Internal transport barrier optimization
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A natural coordinate system

Cap-cyclide coordinates
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Cap-cyclide coordinates

Real space coordinates (x,),z)
are transformed to the coordinates (1, Vv, @)
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Involved functions

A =1—dn? (,u,k)SVl2 (V,/ﬁ)

I =sn’ (,u,k)a’n2 (v.hy )+

+(A/kl/4 +cn(y,k)dn(,u,k)sn(v,k1)Cn(Vakl))
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= (A% /K" )= (s () dn® (vl ) +
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k is the parameter of || k, is the complementary
elliptical integrals parameter of elliptical

k+k =1 integrals
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Complex function representation

Coordinate transformation: (R,Z) — (u,Vv)
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Grad—Shafranov equation
aplace equation



Plasma equilibrium equation

P is the kinetic plasma pressure
| VP=JxB J is the plasma current density
f B is the magnetic field

1 Flux function over a poloidal surface

y=—[[ B-ds

27 Spol

suming axial symmetry and using cylindrical coordinates R,Z, p

2 2
oOw 1 oy N 0"y = 1y RJ J, is the axisymmetric

@R2 - R OR 822 P current density

‘ This is the Grad—Shafranov equation 13



Grad-Shafranov and Laplace equations

azw 1 oy azw
=0
R R OR 072

Transformation w =R 2.,
Auxili X 52W+82w+ A 0
uxiliary equation —
o OR* 0Z* R’
Axisymmetric Laplace oy = +1
equation A4=1/4
Grad-Shafranov oy =-13

equation A=-3/4 14




Generalized Laplace 0’y . %0 oy N 0’y ~ 0

equation OR* R OR 0Z°
o*w  0*w

. Aw(R,Z )= +
Laplacian (R.Z) R 572

R=¢1(ql,Q2) Z:(DZ(qISQZ)

1 | & (H, ow) & (H, ow
Aw(qy,q, ) = +
H\H, | 0q,\ H, dq, ) 0q,\ H, 0q,

Scale factors (Lame¢ coefficients)
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2D bipolar

| coordinates 7, &

N
asinh r asin @
(x,») = ;
coshr—cos@ coshr—cos@

o*w  0%w

2D Cartesian Laplacian Acw = +

,Z) — (X,y)I ABW:

ox* 9y’
2
(coshr—cosé’)2 (azw @zw\

_I__
a’ \8r2 86’2/

‘ GSE is reduced to the equation ‘

O*w  OFw  Aw
Tt ot =0
or 00° sinh”r
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Separation of variables

w=u(r) O(0)

Separation constant p

Equation for the radial component
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General solution

u(r) = +/sinh r (C?lPlf_l/2 (coshr)+C,Q7_, , (cosh r))

1
= |——4
-\

For axisymmetric Laplace equation

For Grad—Shafranov equation
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Cyclide coordinates



Laplacian in cap-cyclide coordinates

( \
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Auxiliary equation is rewritten as
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Separation of variables

w( )=

)
1

U(u)V(v)

2
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Variable change U =:z°y(z) z=gn ( y,k)2
V=zy(z) z=dn(v.k )2
o :l(li\/1—4A) =20
4 4

u General Heun equation
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for V. a=k, q=




The five Heun equations 1

® Equations of the Heun class

d’ d
(P + D2+ pyz° + pyz°) d T; + (7, +5lz+5122)d—u+(alz—ql)u =0
z z

P(2)=ps-(z=z)0z—-2,)(z—23) z—> 82ty B(2)=1-z(z-1)(z~-a)

1. General Heun equation

(0 1 a oo )
u=>0 0 0 0 a z
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d*u (7/ 5 £ jdqu afz—q

— St ——t+— ————
dz z z—-1 z—-a)dz z(z-1)(z—-a)

2. Confluent Heun equation

2 —_
du (7/ o) +gjdu az—q _

L 4+ + —O 24
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The five Heun equations 2

3. Double-Confluent Heun equation

2 —_—
M+(l+é+5jdu +(M2 T4=0

dz* 2z dz z

4. Bi-Confluent Heun equation

2 —_—
d u+(1+§+gzjdu+az T =0

2 z dz z

5. Tri-Confluent Heun equation

2
%+(}/+5z+522)%+(a2—q)u =0
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A fundamental solution of the auxiliary equation
in terms of the general Heun equation

He (l/k,q;a,,B, ¥, 5;Sn(,u,k)2 )HeunG(k,ql;Ot,,B,j/, 5;dn2 (Vakl ))
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Bipolar limit of Cap-Cyclide coordinates
r the Gra nov equation




Bipolar limit of cap-cyclide coordinates for the
Grad-Shafranov equation

A=-3/4 B=-2+16p*/3

Radial part of the general solution

Ui, = z7'* (01’41 + czuz)

‘Inthelimit k=1 ‘ z = tanh” (,u)

1
u, = HeunG 1,3+p2;l,3,2,—;z
4 272772

1 31
U, :HeunG(O,—pz;z,z, ,2;1—2)



In terms of the ordinary hypergeometric functions

3 > 1 3 | » | 3
u, = HeunG| 1,—+ p~;—,—,2,—;z | =(1-Z FEl —+p,—+p;2:z
1 ( A P 295 ] ( ) 2 1[2 P ) P J

Hypergeometric function 1n terms of the Legendre
P function

4p* -1
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‘ Second fundamental solution

1
U, = sech?? (,u)z3/4 (C‘l ) Fl(p+5,p+%;2;zj+

1 3
+—,p+—2p+1;1-z
p 21? > p j]

Expression in terms of the Legendre Q function

1 3
+c, 5,1 p+5,p+5;2p+l;1—y




Angular Solution

The general solution

The only difference: z=dn (V, k, )2
Elementary solution:

V=C/sinRvp)+C,cosQvp) 2u=r

iV + CrVy )
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Independent fundamental solutions

1 |
v; = ¢;HeunG k,3+9k+p2;—,3,29—;2 —i- v
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ZO :dn ,l_k

, =sm(2vp)
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