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SkyrmeSkyrme modelmodel

Tony Hilton Royle Skyrme

QCD:QCD: LL == −− 11

44
FF aa
µµννFF

aaµµνν ++ ¯̄ψψii [[iiγγ
µµDDµµ −−mmδδiijj ]]ψψjj

Low energy meson theory:Low energy meson theory:

LL ==
ff 22ππ
44
TTrr ((∂∂µµUU∂∂µµUU )) ++ .. .. ..

●● The idea of unifying bosons and fermions in a common framework

●● Consideration of localised field configurations instead of point-like particles

●● The desire to eliminate fermions from a fundamental formulation of theory

Skyrmes’ motivations (1962):SkyrmesSkyrmes’’ motivations (1962):motivations (1962):

Problems with Skyrme model:Problems with Problems with SkyrmeSkyrme model:model:

●● The binding energy is too high

●● Clustering of light nuclei?

●● p/n mass splitting? mn = 939, 556 MeV, mp = 938, 272 MeV



SkyrmeSkyrme familyfamily

(2+1)(2+1)--dimdim: Baby Baby SkyrmeSkyrme modelmodel

φ : S2 → S2; φ∞ = (0, 0, 1)
V (φ) = µ2(1− φ3)Standard choice:

(3+1)(3+1)--dimdim: SkyrmeSkyrme modelmodel

φ : S3 → S3; φ∞ = (0, 0, 0, 1)

QQ ∈∈ ZZ == ππ22((SS
22))

RRµµ == ∂∂µµUUUU †† ;; UU == φφ00II ++ iiσσaa ·· φφaa

LL == −− TTrr

��
11

22
((RRµµRR

µµ)) ++
11

1166
(([[RRµµ ,, RRνν ]][[RR

µµ ,, RRνν ]])) ++ µµ22((UU −− II))
��

QQ ∈∈ ZZ == ππ33((SS
33))

L =
1

2
∂µφ∂

µφ− 1

4
(∂µφ× ∂νφ)

2 − V (φ)

Q =
1

24π2
Tr

�

R3

εijkRiRjRkd
3x

L =
1

2
∂µφ∂

µφ− 1

4
(∂µφ× ∂νφ)

2 − V (φ)

Q =
1

4π

�

R2

φ · (∂1φ× ∂2φ)d
2x

LL == 11
22 ((∂∂µµφφ

aa))22 −− 11
44 [[((∂∂µµφφ

aa∂∂ννφφ
aa))22 −− ((∂∂µµφφ

aa))44 ]] ++ µµ22 ((11 −− φφ33))

(J. Verbaarschot (1986),I Bogolubsky (1989), T.Tchrakian, W.Zakrzewski & R.Leese (1990))



Baby SkyrmeBaby Skyrme model: Applications

A HeisenbergA Heisenberg--type model of interacting spinstype model of interacting spins

A model of the topological quantum Hall effectA model of the topological quantum Hall effect

Elementary excitations in  quantum Hall magnetsElementary excitations in  quantum Hall magnets

ChiralChiral magnetic structuresmagnetic structures

A model of ferromagnetic planar structuresA model of ferromagnetic planar structures

Applications in future development of data Applications in future development of data 

storage technologiesstorage technologies

Models of condensed matter systems with Models of condensed matter systems with 

intrinsic and induced intrinsic and induced chiralitychirality



Baby Baby SkyrmeSkyrme model: model: solitonssolitons

Q=2Q=1

Q=3
Q=4



Baby Baby SkyrmeSkyrme model: model: solitonssolitons

Q=5 Q=6

Q=6

Q=5



Baby Baby SkyrmeSkyrme model: model: solitonssolitons

Easy plane potentialEasy plane potential UU ((φφ)) == µµ22φφ2211

Q=1 Q=2 Q=3

Double vacuum  potentialDouble vacuum  potential

Q=1 Q=3 Q=6

UU ((φφ)) == µµ22((11 −− φφ2233))



Baby Baby SkyrmeSkyrme model: model: solitonssolitons

Weakly bounding potentialWeakly bounding potential UU ((φφ)) == µµ22
��
αα((11 −− φφ33)) ++ ((11 −− αα))((11 −− φφ33))

44

��



Q=3



Gauged baby Gauged baby SkyrmeSkyrme modelmodel

SO(2) > U(1) unbroken symmetry groupφφ :: SS22 →→ SS22 ;; φφ∞∞ == ((00,, 00,, 11))

(φ1 + iφ2) = φ⊥ → φ′⊥ = Uφ⊥; U = eigα

Field equations:Field equations:

LL == −− 11

44
FF 22
µµνν ++

11

22
DDµµ

��φφ ·· DDµµ��φφ −− 11

44

��
DDµµ

��φφ ×× DDνν
��φφ
��22
−− VV ((φφ))

FFµµνν == ∂∂µµAAνν −− ∂∂ννAAµµ ;; DDµµ
��φφ == ∂∂µµ��φφ ++ ggAAµµ

��φφ ×× φφ∞∞

AAµµ →→ AA′′
µµ == AAµµ ++

ii

gg
UU∂∂µµUU

−−11

Dµ
�Jµ =

V

�φ
× �φ

∂µF
µν +

c

2
εναβFαβ = g�φ∞ · �Jν

��JJµµ == ��φφ ×× DDµµ��φφ −− DDνν
��φφ((DDνν ��φφ ·· ��φφ ×× DDµµ��φφ))Current:Current:



UU ((φφ)) == mm22((11 −− φφ2233))((11 −− φφ2211))

g=0

g=1

Q=1 Q=2 Q=3 Q=4

Symmetry breaking Ward potential:Symmetry breaking Ward potential:



Q=1

g=0 g=2 g=0 g=1

Q=2

g=0 g=0.3 g=0.6 g=1

Q=3

Weakly bounding potential:  Weakly bounding potential:  UU ((φφ)) == µµ22
��
αα((11 −− φφ33)) ++ ((11 −− αα))((11 −− φφ33))

44
		



g=0 g=0.4 g=0.6 g=1

Q=3

Q=6

g=0.4g=0 g=0.6 g=1

Weakly bounding potential:  Weakly bounding potential:  UU ((φφ)) == µµ22
��
αα((11 −− φφ33)) ++ ((11 −− αα))((11 −− φφ33))

44
		



g=0 g=0.4 g=0.6 g=1

Q=8

g=0 g=0.4 g=0.6

Q=10

g=1

Weakly bounding potential:  Weakly bounding potential:  UU ((φφ)) == µµ22
��
αα((11 −− φφ33)) ++ ((11 −− αα))((11 −− φφ33))

44
		



There is no electric field in the There is no electric field in the 

gauged planar gauged planar SkyrmeSkyrme modelmodel

In the strong coupling limit the      In the strong coupling limit the      

total magnetic flux is quantized, total magnetic flux is quantized, 

ggΦΦ=Q=Q

The energy of the The energy of the solitonsoliton is is 

decreasing as g grows    decreasing as g grows    



SkyrmeSkyrme model in 3dmodel in 3d

The The SkyrmeSkyrme field:field:

Sigma-model term Skyrme term Potential term

The topological charge:The topological charge:

LL == ∂∂µµφφ
aa∂∂µµφφaa −− 11

22
((∂∂µµφφ

aa∂∂µµφφ
aa))22 ++

11

22
((∂∂µµφφ

aa∂∂ννφφ
aa))((∂∂µµφφbb∂∂ννφφbb)) −−mm22((11 −− φφaaφφaa∞∞))

UU == φφ00II ++ iiσσaa ·· ππaa φφaa == ((φφ00 ,, ππ
aa));; φφaa ·· φφaa == 11

Topological bound:Topological bound:

Topological bound is not saturated in the Skyrme model, 

solitons are interacting (m=0 → dipole forces)

B =
1

12π2

�
d3x εabcdε

ijkφa∂iφ
b∂jφ

c∂kφ
d

E ≥ 12π2|B|



SkyrmeSkyrme modelmodel

QQ ==
11

ππ




FF ((rr)) −− ssiinn 22FF ((rr))

22

��∞∞

00

The boundary conditionsThe boundary conditions

FF ((00)) == ππ,, FF ((∞∞)) == 00 QQ == 11

φφaa == ((σσ,, ππ11 ,, ππ22 ,, ππ33))UU ((rr)) == σσ ++ ππaa ·· ττ aa == ccooss FF ((rr)) ++ ii ˆ̂nn ·· ττ ssiinn FF ((rr))

Spherically symmetric Spherically symmetric skyrmionskyrmion::

(Hedgehog ansatz)UU ((rr)) == eexxpp [[iiττ aa ˆ̂rraaFF ((rr))]]

L = ∂µφ
a∂µφa − 1

2
(∂µφ

a∂µφ
a)2 +

1

2
(∂µφ

a∂νφ
a)(∂µφb∂νφb)−m2(1− σ)



SkyrmionsSkyrmions from from instantonsinstantons

SU(2) YangSU(2) Yang--Mills                                         Mills                                         SkyrmeSkyrme modelmodel

L =
1

2g2
Tr F 2

µν LL ==
ff 22ππ
44
TTrr ((∂∂µµUU∂∂µµUU )) ++ .. .. ..

M.Atiyah and N.Manton, 

Phys. Lett. B 222, 438 (1989)

B=1             
YM YM InstantonInstanton SkyrmionSkyrmion

A0 = ir̂a · τa
�

1

r2 + x20 + λ
− 1

r2 + x20

� UU ((rr)) == eexxpp [[iiττ aa ˆ̂rraaFF ((rr))]]

F (r) = π

�
1− r√

r2 + λ2

�

11

1166ππ22

��
dd44xxFFµµνν ��FFµµνν

11

2244ππ22
εεiijjkk

��
dd33xxTTrr

��
((UU ††∂∂iiUU ))((UU ††∂∂jjUU ))((UU ††∂∂kkUU ))

		

PontryaginPontryagin indexindex SkyrmionSkyrmion winding numberwinding number

Instanton’s holonomy: U(x) = P exp



i

∞�

−∞

dx0A0(x, x0)



 ∈ SU(2) −→
x→∞

I



SkyrmionsSkyrmions

Q=1             Q=2             Q=3             Q=4             

Q=5             Q=6             Q=7             Q=8             



Rational map Rational map SkyrmionsSkyrmions

TheThe SkyrmeSkyrme fieldfield isis effectivelyeffectively a a mapmap UU: : SS33 →→ SU(2) ~ SSU(2) ~ S
33

TheThe ideaidea of of thethe rational rational mapmap ansatzansatz:  :  

Separate the radial and the angular

dependence of the Skyrme field asas

Identify spheres SS22
with concentric

spheres in  compactified RR33

Identify target space SS22
with spheres

of latitude on SS33

(N.S. Manton, (N.S. Manton, C.HoughtonC.Houghton && P.SutcliffeP.Sutcliffe, 1998), 1998)

zz == ttaann((θθ//22))eeiiϕϕStereographic Projection:

ˆ̂nnzz ==
11

11 ++ ||zz||22
��

zz ++ ¯̄zz

11 ++ zz ¯̄zz
,, ii

zz∗∗ −− zz

11 ++ zz ¯̄zz
,,
11 −− zz ¯̄zz

11 ++ ¯̄zz

��

== ((ssiinn θθ ccooss φφ,, ssiinn θθ ssiinn φφ,, ccooss θθ))

Domain space Target space

ˆ̂nnZZ ==

��
ZZ ++ ¯̄ZZ

11 ++ZZ ¯̄ZZ
,, ii

¯̄ZZ −−ZZ

11 ++ZZ ¯̄ZZ
,,
11−−ZZ ¯̄ZZ

11 ++ZZ ¯̄ZZ

��

UU == eexxpp {{iiff ((rr)) ˆ̂nnZZ ·· σσ}}

ZZ == PP ((zz))//QQ((zz))



Rational map approximation Rational map approximation 

Static energy:Static energy: EE == 44ππ

�� ��
rr22ff ′′

22
++ 22QQ((ff ′′

22
++ 11)) ssiinn22 ff ++ WW

ssiinn44 ff

rr

��
ddrr

4πQ=

� �
1+|z|2
1+|Z|2

����
dZ

dz

����
�2

dzdz̄

(1+|z|2)2 WW==
11

44ππ

�� ��
11++ ||zz||22
11++ ||ZZ||22

��������
ddZZ

ddzz

��������
��44

ddzzdd¯̄zz

((11++ ||zz||22))22

The The holomorphicholomorphic maps of degree Q:maps of degree Q:

Q= 4:Q= 4:

Q= 7:Q= 7:

(Octahedral (Octahedral SkyrmionsSkyrmions))

((IcosahedralIcosahedral SkyrmionsSkyrmions))

ZZ ((zz)) == zz4
4++22ii

√√
33zz22++11

zz44−−22ii
√√
33zz22++11

Z(z) = z7−7z5−7z2−1
z7+7z5−7z2+1



SkyrmionsSkyrmions

(N.Manton et al)



SkyrmeSkyrme crystalscrystals (Klebanov, Kugler, Shtrikman, Manton..)

Simple cubic BCC

FCC

½ Simple cubic



U(1) gauged U(1) gauged SkyrmeSkyrme modelmodel B.Piette & D.H.Tchrakian (1997)

E.Radu & D.H.Tchrakian (2005)

L=−1

2
Fµν F

µν+
1

2
Tr
�
DµU DµU†

�
+

1

16
Tr
��

DµU U†, DνU U†
	2�

+m2Tr (U − I)

L=−1

2
FµνF

µν+Dµφ
aDµφa−1

2
(Dµφ

aDµφa)2+
1

2
Dµφ

aDνφ
a)(DµφbDνφb)−2m2 (1−φ0)

U → ei g
α

2
τ3 U e−i g

α

2
τ3 , or φ1+i φ2→ e−i g α (φ1 + i φ2) , Aµ→Aµ+∂µα

U(1) gauge symmetry:U(1) gauge symmetry:

Dµφα = ∂µφα − g Aµεαβ φβ DµφA = ∂µφA, α, β = 1, 2, A = 0, 3

Vacuum asymptotic expansionVacuum asymptotic expansion δU ∼ (1 − v0)I+ ivk τk, Aµ = aµ + V δ0µ

LinearizedLinearized equations for equations for parturbationsparturbations

∂2i va −
�
m2 va − g2 V 2 (v1 δa1 + v2 δa2)

	
= 0 | g V |≤ m

m±
eff =

�
m2 − g2 V 2, m

(v3)
eff = m

Potential term is needed to stabilize gauged Skyrmions

A0(∞) = V



U(1) gauged U(1) gauged SkyrmeSkyrme modelmodel

Topological chargeTopological charge

vsvs

Bg = − 1

24π2

�
d3x εijk Tr

�
DiUU−1DjUU−1DkUU−1�

B = − 1

24π2

�
d3x εijk Tr

�
∂iUU−1 ∂jUU−1 ∂kUU−1�

Gauge covariant charge

Q=Bg−Bmag =B+

�
d3x∂iΛi, Bmag =

ig

32π2

�
d3x(εijkFjk) Tr

�
{τ3, ∂iU} U−1

�

Λi = −
ig

16π2
εijk Aj Tr

�
{τ3, ∂kU} U−1� QQ == BB

The stressThe stress--energy tensorenergy tensor TTµµνν == TTµ
µνν

((MM)) ++ TTµ
µνν

((SS))
Tµν(M) =−2FµσFνσ +

ηµν

2
Fαβ F

αβ

TT µ
µνν

((SS)) == 22
��
DDµµφφaaDD

ννφφaa −−
��
DD[[µµφφaaDDαα]]φφbb

�� ��
DD[[ννφφaaDDαα]]φφbb

����

−−ηηµµνν
��
((DDααφφaa))

22 −− 11

22

��
DD[[ααφφaa DDββ]]φφbb

��22 −− 22mm22 ((11 −− φφ00))

��

Electric chargeElectric charge Qe =

�
d3x ∂2iA0 =

�
d�S · ∇A0



B=1 gauged B=1 gauged SkyrmionSkyrmion

Axially symmetric parametrization:UU == φφ00II ++ iiσσaa ·· ππaa

π1 = ψ1(r, θ) cos(nϕ); π2 = ψ1(r, θ) sin(nϕ); π3 = ψ2(r, θ); φ0 = ψ3(r, θ)

A ≡ Aµdx
µ = Aϕ(r, θ)dϕ+ A0(r, θ)dt ψψ2211 ++ ψψ2222 ++ ψψ2233 == 11

Angular momentum:Angular momentum:

J =

�
d3xTϕ0 = −

�

∞
d�S · �∇A0

�
n

g
+Aϕ

�
= −n

g

�

∞
d�S · �∇A0 = n

Qe

g

V=0.1

g=0.1 g=0.5 g=2



= 939,556 MeV,             = 938,272 MeVmn mp



Q=1,2



Q=3



Q=4



Q=5





1st Hopf map

Gauged Gauged SkyrmionsSkyrmions = Embedded = Embedded HopfionsHopfions ??

Axially symmetric parametrization:

π1 = ψ1(r, θ) cos(nϕ); π2 = ψ1(r, θ) sin(nϕ); π3 = ψ2(r, θ); φ0 = ψ3(r, θ)

ψψ2211 ++ ψψ2222 ++ ψψ2233 == 11

Loops in domain space S3

Target space S2

�ψ : S3 → S2

Q=1 Q=2 Q=31A1,1 2A2,1 33 ��AA33,,11



Gauged Gauged SkyrmionsSkyrmions = Embedded = Embedded HopfionsHopfions ??



There are  new multisoliton solutions of the U(1) gauged Skyrme-Maxwell theory.

The domain of existence is restricted by the condition |gV| ≤m. 

There are two critical limits

|g| ≫ |V|    (magnetic limit)   |V| ≫ |g|   (electrostatic limit)

Strong coupling  → axial symmetry for all solutions

Maxwell term alone cannot stabilize the Skyrmions

Infinitely strong coupling  → Skyrmion string (Abelian Higgs limit ?)

Electromagnetic interaction increases the binding energy

p/n mass splitting and π±/ π0 mass splitting cannot be expained in the conventional  

Skyrme-Maxwell model 

U(1) gauged gravitating Skyrmions, hairy black holes, interactions between 

charged Skyrmions coupled to magnetic fluxes … etc

SummarySummary



Thank you!Thank you!


